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The Problem

Assumptions

A=AT nxn

A: positive definite,

u and F'(+) given.

Determine U and L such that
L<u'FAu<U,
or approximate

u’ F(A)u.




A=QAQ

u' F(QAQ" )u
uw QF(A)Q"u
w! F(A)w







1 Examples and Applications

1 Error Estimates

Ax =0




2 Quadrature Constraint

min L Ax — 2b" x

constraint |||z = a
a < |[A71||
Lagrangian

¢ (x;p) =l Ax — 2" + (2" x — a?)

“Regularization”
grad ¢ =0
= (A+ul)x=0>
x=(A+ul)""b
2

|z||* = o

bl (A+ pul)°b=a?




A=QAQT

()\1 O\
0

D<A < A< . <\,

QTQ=1. A=

O<a§)\1 S)\néb
B=Q"b
BT (A+pul)°B=a
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How can we determine 1™ without computing the eigenvalues and eigenvectors
of A?
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Bounds on elements of the inverse
-1
(a1},
u’ =el =(0,0,...,0,1,0,...,0)
7t position.
F(A)=A""!

Regularization
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Backward Perturbations for
Linear Least Squares Problems
(with Zheng Su) (NEW!)

maign||b—AmH2,A:m><n,b:m>< 1.

&: arbitrary vector, calculated.
=€¢é+tex=A"b.
E=(A+0A)"D.
() = min [[0A[|p.

M(&) — mm{ ||||§|| ||2 Y O-min(A7 B)}
(Karlson, Waldén & Sun)
p=>b-— A€,

_pllz¢r  pP*
B=1g.U—ipm)
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i2(€) = pT A(aAT A + BI) 1 ATp.
o=€l2, 5=l

(&) ~ p(€)

)

— =1 (Grcar)
E—> & ()
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1] Gauss-Radau Quadrature Rules

L< /abF(A)dw(A) <U
Mz/)fdw()\) (r=01,....2%+m—1)
/a " FOdw() = I1F) + RIF]

1[F] = zk: AF (L) + i B, F(z;)

{A,, ti}le unknown weights and nodes
{%; };n:1 prescribed

{B,}.-,  mustbe calculated
']_

~
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R[F] =

System of Non-linear Equations.

F(2k+m) (77) Z bW )"

Gkrm)y . Ao (o) dw(d)

<b

3

a <
m

=1

FCk+1)(n) <0and z; = a, R[F] <0

= [|[F]=U
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FCk+1)(n) <0and z; = b, R[F] >0

= [|[F] =L
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Problem 1

rT A2 =y
w = rTAr, p=Q"r

m
= D N
=1

How can we determine quadrature

rule in an efficient manner ?
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Gauss Quadrature

[ OpNda) =0, 5~

(r,s=0,1,...,k)

pj+1(A) = (A = &1)pi(A) — 15p—1(N)

pr(t;) = 0, i=1,2,...,k
( 1 m \
m & N
Ji = M2
o Mg
\ Me—1 &k )

po =1
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Jrv; = t;v5, 7 =1,2,
A = i, j=1,2,...
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Gauss-Radau

(Inverse Eigenvalue Problem)

r 0

Jit1 =
Nk

KO coe M gkﬂ)

0= pra1(to) = (to — Eer1)pk(to) — Mepk—_1(to)

= pr—1(to)
Eprr = to — 1i
+ M pkz(tO)

or
(Jk — tOI)(S = 7712g€k

Epy1 = to + O
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Evaluate

k
I[F] =) v?F(t:)
1=0
jk_|_1 — VTVT

V%'e, = (first component of V )

IIF] = elVF(T)V'e,
= el F(VTV e

= ec]_FF(ij)el
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How can we determine the orthogonal polynomials w.r.t. the measure w()\) ?

(A= &41)pi(N) —n5pj—1(N)
(A —=¢&j+11)p;
(A —=&j+11)p;

Setw,; = p; (A)u

Pjt+1(A
A) — U?Pj—1(f4)
pj+1(A)u A)u —n:pj_1(A)u

We define £, and 7732- so that
Wj1W;j

W;t1Wj-1

w, =0

= Wy forr <j—1




(w;, Aw;)

Ejiv1 =
’ (wJ'?wj)
('LU',’UJ')
77]2 _ g Wi

LANCZOS METHOD

(wj,w) = 0
— (py (A, pe(A)w)
— [ BOmOd0y
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\Y Solution of Problems

1. Find upper and lower bounds on
f_o =1 A %P,

Use Lanczos process with initial vector 7.

Compute
(fl m 0 \
_ 771
Jey1 =
Sk M
\ 0 M Ere1 )
Then
e{jk_flel

will yield upper and lower bounds
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on i _o depending on gk_|_1.
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2. We need to solve
bl (A + pl)72b = o?
a) Begin Lanczos process with u = b.

b) Construct jk+1.

c) Solve elT(ij + MI)_2€1 =%

-
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Solving the equation

cl (Jp+1 + p) 2 e, = a’

Can be accomplished in various ways.

For instance, one can use Newton’s method, or better

2
_ ) a
e’{ (Jk+1‘|-,u1) e ~ (b—l—c,u)

We can also use the direction generated

by Lanzos process for updating solution.
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/ 3. Find upper and lower bounds on
T 4—1

Apply Lanczos with u = € .

For k = 2,
2 2
Si Sz
ai; — b+ 1 ai; —a+ ==
7 = (A7 )i < 2 2
a;; — ;b + s; az; — a;;a + S:
2
JF£i
optimal

We can generalize these results for

A7 s
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4. Tikhonov Regularization

lll-posed problem:

|Ax — b||> = min.
1A — b2 + o212 = min.
(a > 0)
(ATA+ oz, = A'b

€T — = min.

Choice of ?

N /
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Omit observation 2:

(a_?\

T
a; 1

Regularization solution:

5. Generalized Cross-Validation

(5T )

bl

’L_

T
bi—l—l

o

x;(a) = (A] A; +al) 1Al b;.

Residual for observation :

-

ri(a) =

bi—a,-

T
)

a}z(Oé)
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Cross-validation: choose « such that

|7 ()||2 = min.
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Regularization solution:
Rank-one modifications:

A?Az = ATA — CLZ'CLT

i
fLLTbZ — ATb — bzaz
Use Sherman-Morrison formula:

(Aj Ai+al)™" = (A"A4+al)™
(ATA+ol) tasal (ATA+al)™!

l—al(ATA+ al) ta,

(o) b; —al (ATA+al)"1ATD
ri() = .
1 —al (ATA+ al) 1a;
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Define
D(a) := diag(I — A(AY A+ ol)~1AT).
Residual:
[rllz = [ID7HI - A(AT A+ D) AT)B|)5
< (1 — A(ATA + oz])_lAT)bH%
B D%

(I — A(AT A+ o)t AT)b||3
(trace(I — A(AT A+ al)=1AT))?

= dgoy (@)
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(AT A+ al) b,
bacv(a) = trace((AAT + al)~1)

P{U; = +1} =

P{U, = -1} =

N — DN —

u is a random vector., entries are independent and from U'.
t(a) =u’ (AAT + o) lu

E{t(a)} = t(a) = trace((AAT + al)™)

Gecy (a) = [(A"A +al)"'b|
COVATT WT(AAT + o) 1w
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u=Alp.

gravity-meter observations.

6. Backward Perturbations

p2(&) = pt A(aAT A+ B~ AT p.

Use Lanczos on AT A (or G/Kahan bi-diagonalization) with initial vector

Test problems min || Az — b||2: They originated in the least-squares analysis of

matrix rowsm columnsn  K2(A)
(a) well1033 1033 320 1.7e+2
(b) illc1033 1033 320 1.9e+4

-

&: QR solution of min || Az — b||5 for well1033 (left) and illc1033 (right).

/
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well1033 illc1033
14 T 0.2425 T
log(true) true

Gauss—Radau log(upper bounds)| | 02421 —— Gauss—Radau lower bounds| |

12

J 0.2415 J

J 0.241 J

J 0.2405 J

J 0.24} 1

1 0.2395 1| 1

J 0.239 J

) . . . . 0.2385 . . . .
0 20 40 60 80 100 0 20 40 60 80 100
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/ V Other Extensions

1 | n X p.
Estimate : W1 AW

Block Lanczos Process

(o 1f 0 )
T
P
Qe1 Th4
\ 0 L1 Qg )
Q;:  pXp.

\ Non-symmetric variant of Lanczos Process
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2 Modified Moments \

[y = /A’“dw(A).

Sometimes, we are given

Vg = /Wk()\)dw()\) "modified moments”
where
Tea1(A) = (A = app1) me(A) = bme—1 ().
Can we determine {py ()} so that
[mOmdw) =0k

Prr1(A) = (A = &eg1) p(A) — mepr—1(A) 7
Answer. YES! (Gautschi, Wheeler, Sack). /
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Chebyshev Method for Solving Linear

Equation

We can construct(f,ﬂl7 77,%) and

estimate eigenvalues.
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3 Updating/Downdating

We can also determine the coeffitients from the Grammian.
Grs = / IL, (M) (A)dw(\)

Updating orthogonal polynomials

N N
vy = e, {0}
N+1
Y(N+1) — {xivwi}izl
Gro = / PPN gy (V1) ()
N+1

— Zp(N) 2:) P (2;)w;

= 5rs+p$~ )(33N+1)pgN)(fCN+1)wN+1
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Applies to downdating, too.

G=1+uu’.
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